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Abstract
We study the space geometry of a rotating disk both from a theoret-
ical and operational approach; in particular we give a precise definition
of the space of the disk, which is not clearly defined in the literature.
To this end we define an extended 3-space, which we call relative space:
it is recognized as the only space having an actual physical meaning
from an operational point of view, and it is identified as the ’physical
space of the rotating platform’. Then, the geometry of the space of the
disk turns out to be non Euclidean, according to the early Einstein’s
intuition; in particular the Born metric is recovered, in a clear and self
consistent context. Furthermore, the relativistic kinematics reveals to
be self consistent, and able to solve the Ehrenfest’s paradox without
any need of dynamical considerations or ad hoc assumptions.
Keywords: Special Relativity, rotating platforms, space-geometry, Ehrenfest,
non-time-orthogonal frames.
1 Introduction
It is a common belief that the conceptual foundations and the experimental
predictions of the special theory of relativity (SRT) are accepted by every-
one in a widespread agreement about the theory. Actually, even in recent
times, after one century of relativity, some problems are still under discus-
sion and the debate about them is somewhat lively. One important topic
is the rotation of the reference frame which, contrary to the translation,
has an absolute character, and can be locally measured by the Foucault’s
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pendulum or by the Sagnac experiment. This peculiarity of rotation, inher-
ited by newtonian physics, is difficult to understand in a relativistic context.
Since the very beginning of last century, those authors who were contrary
to SRT had found, in the relativistic approach to rotation, important argu-
ments against the self-consistency of the theory. In fact, in 1909 an internal
contradiction in the SRT, applied to the case of a rotating disk, was pointed
out by Ehrenfest [1]; few years later, in 1913, a contradiction of SRT with
experimental data was pointed out by Sagnac [2].
Since then, both the so-called ’Ehrenfest’s paradox’ and the theoreti-
cal interpretation of the Sagnac effect had become topical arguments of a
discussion on the foundations of the SRT, which is not closed yet, as the
increasing number of recent contributions confirms.
This paper deals with the ’Ehrenfest’s paradox’, which arises when a
circular platform, initially at rest, is set into rotation around its symmetry
axis. When the acceleration period finishes, the disk keeps rotating with
constant angular velocity ω. According to SRT, the rim of the circular
platform does undergo the standard Lorentz contraction, with respect to
the inertial observer at rest in the center of the disk, while the radius does
not. Hence the ratio of the circumference to the radius, as measured by
the inertial observer, should be less than 2pi, thus violating the Euclidean
geometry of the inertial frame.
After one hundred years of relativity, the problem of the rotating disk
does not seem to be solved yet; or more explicitly, there is not a common
agreement on its solution. This is confirmed by the list of the authors who
faced and tried to solve the Ehrenfest’s paradox, which we mention in the
brief historical excursus of next section.
Some of the given solutions will be discussed in details in the follow-
ing sections, in comparison to our approach, by which the paradox will be
solved on the bases of purely kinematical arguments. We believe that lots
of misunderstandings arose because of the lack of proper definitions of some
crucial concepts in the theoretical apparatus needed to solve the paradox.
In particular, our approach will be based on (i) a precise definition of the
concept of ”space of the disk”, (ii) a precise choice of the ”standard rods”
used by the observers on the platform (which ultimately agrees with the
choice usually done in relativity). Of course, the geometry of the space of
the disk rests on the assumptions (i), (ii). We shall see that the space of
the disk turns out to be non-Euclidean1, and its metric coincides with the
one which is found in classic textbooks of relativity, in spite of a shift of the
context. In fact, we shall give a new definition of the ”space of the disk”,
1The non null curvature of the space of the disk has nothing to do with the spacetime
curvature which is and remains null (in each chart used to compute it, and in each frame
to which the chart is adapted) if gravitation is not taken into account.
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compatible with an operational procedure of space and time measurements
performed by the observer on the platform. The projection technique intro-
duced by Cattaneo will be adopted to approach the problem; this allows a
straightforward description of the spatial geometry of any reference frame.
For a rotating reference frame our results turn out to be, unexpectedly, the
same as those known in literature because of the underlying symmetries. In
the general case (in particular non axis- symmetric and non-stationary) no
symmetries are present, and an approach similar to the one proposed in this
paper is mandatory to study the spatial geometry of these frames.
2 A little history of the Ehrenfest’s Paradox
2.1 Dynamical approaches to the paradox. Soon after the publi-
cation of Ehrenfest’s paper (1909), Planck[3] pointed out that the paradox
should be investigated as an elasticity problem, questioning the possibil-
ity of the application of Lorentz contraction to a body which is brought
from rest to uniform motion. Starting from similar ideas, Lorentz[4] and
Eddington[5], in the 20’s, deduced that both the radius and the circumfer-
ence contract in the same way; thus the paradox disappeared. However a
more detailed analysis of the problem was given, by means of a dynamical
treatment, by Clark[6] in 1947, who pointed out that Lorentz and Eddington
had overlooked that the velocity of propagation of a dilation cannot exceed
the speed of light. Taking this into account, he showed that for material in
which waves travel with the fundamental velocity, no alteration of the radius
of the disk is present2. More recently, in the 60’s, Cavalleri[8] tried to give
a dynamical solution of the Ehrenfest’s paradox, claiming that it ”cannot
be solved from a purely kinematical point of view”. We believe that this
statement is too radical, and we agree with Phipps[9], who observed that
”the fact that dynamics can exist, without the foundation of logically consis-
tent kinematics, is absurd”, and concluded that ”kinematics is foundational
(logically preconditional) to physics”.3
2.2 Kinematical approaches to the paradox. By means of purely
kinematical considerations, Einstein [12] tried to avoid the paradox suggest-
ing that rotation must distort the Euclidean geometry of the platform, so
that the geometry of the inertial frame remains Euclidean. Einstein was in-
terested in the problem of the rotating disk just as an euristic tool in order to
investigate the possibility that the geometry of the Minkowskian spacetime
could be distorted by a gravitational field. In the words of Stachel [13], Ein-
2The same result was obtained 5 years before by Berenda [7], using a purely kinematical
approach.
3Other dynamical aspects of the relativistic description are treated by Brotas[10] and
McCrea[11].
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stein’s approach to the problem of the spatial geometry of the rotating disk
”showed that a gravitational field (here equivalent to the centrifugal field)
causes non Euclidean arrangement of measuring rods, and thus compelled a
generalization of Euclidean space”. So Einstein’s treatment of the rotating
disk seems to provide a ”missing link” in the chain of reasoning from the
SRT towards a relativistic theory of gravitation (GRT), based on the idea
that the geometry of the familiar Minkowskian spacetime of the SRT must
be deformed by a gravitational field.4.
An early alternative attempt to solve the paradox was made in 1910 by
Stead-Donaldson[14], and later taken up by Ives[15], Eagle[16], Galli[17].
This attempt consists in supposing that the surface of the disk bends be-
cause of rotation, assuming the shape of a paraboloid of revolution. This
hypotesis explains in a very simple way the deformation of the Euclidean ge-
ometry of the disk: however, it neglects the kinematical constraints imposed
on the motion of the disk (i.e. rigid 2-dimensional motion), and moreover
introduces further difficulties. In particular, a non symmetric deformation
with respect to the plane of the non-rotating disk should determine a screw
sense in space, thus violating spatial parity in a purely kinematical context.
In order to avoid speeds of the points of the disk that would exceed the
velocity of light at great distance from the axis of rotation (as observed in
the inertial frame), some authors, like Hill[18] in 1946, suggested that the
speed-distance law should be non linear. As a consequence, Hill claimed
that the problem of the space geometry of the rotating disk is a ”ill-defined
question”, since it strictly depends on the way the disk is set into rotation.
However this hypothesis was ruled out by Rosen[19] in 1947.
The first important contribution to the study of the kinematical as-
pects of the problem was given in 1942 by Berenda[7], with particular
attention to the meaning of the spatial geometry of the disk. Similar
considerations can be found in Rosen[19], Arzelie`s[20], Landau-Lifshits[21],
Møller[22], Grøn[23], [24], [25]. Also Weber[26], Dieks[27], Anandan[28],
Rizzi-Tartaglia[29], Bergia-Guidone [30], were interested in the kinematics
of the rotating disk, focusing on the relativistic interpretation of the Sagnac
effect.
As mentioned in the Introduction, the Sagnac effect was interpreted as
a disproval of SRT, both during the early years of SRT by Sagnac him-
self (1913), and more recently, in the 90’s, by Selleri[31],[32], Croca and
Selleri[33], Goy and Selleri[34], Vigier[35], Anastasovski et al.[36]. However
this claim is uncorrect, as showed in the papers quoted ([26]-[30]) and more
recently (2001) by Rodrigues and Sharif[37]: the Sagnac effect can be ex-
plained in the framework of the SRT as a pure desynchronization effect. Let
4Let us comment that this argument, though important from a historical and euristic
point of view, is questionable, since it relies upon the application of the principle of
equivalence, whose validity is strictly local, to the global space of the disk.
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us briefly recall the most important experimental clue of this claim. As
a matter of fact, any pair of luminal or material objects (electromagnetic
or matter waves), travelling in opposite directions along the rim, with the
same relative velocity, take different times for the total round trip; but the
time difference between any pair of travelling objects is always the same,
and exactly coincides with the synchronization gap predicted by the SRT
for non-time-orthogonal physical frames.
Some authors tried to solve the Ehrenfest’s paradox proposing theories
which are alternative to SRT, removing the conceptual bases of the paradox
itself. In particular, Klauber in 1998 [38],[39] proposed a ”New Theory of
Rotating Frames” in which the Lorentz contraction takes place only in the
case of translation, but not in the case of rotation.
More recently, Tartaglia[40] agreed with the assumption ”no Lorentz
contraction for rotating frames”; however he stressed that this assumption
is compatible with the SRT, solving the paradox in a strictly relativistic
context and from a pure kinematical point of view. His claim depends on
the assumption that, in the case of rotations, the relativity of simultaneity is
not essential for the space measurement processes of the observer at rest on
the platform. In his words: ”the Lorentz contraction is a manifestation of
the relativity of simultaneity in different inertial frames: when no synchro-
nization is needed, no contraction appears”. As a consequence, he concluded
that the length of an infinitesimal standard rod on the platform cannot be
altered by rotation, and the space of the disk must be flat.
Similar conclusions were reached in the 70’s by Gru¨nbaum-Janis[41] and
Strauss[42], on the ground of different assumptions. The former claimed
that the length of the periphery, as measured in the rotating frame, is equal
to its rest length; the latter asserted that both the measuring rods along
the circumference and the distances they are supposed to measure (i.e. the
length of the circumference) are Lorentz-contracted with respect to the in-
ertial frame: the two effects cancel each other so that the space of the disk
turns out to be Euclidean. A first reply to these authors, which is compat-
ible with our conclusions, was given by Grøn[23],[24] in the late 70’s. He
showed that the construction of an acceleration program, which keeps the
rest length of every element of the disk periphery constant, during and after
the period of angular acceleration, is a kinematical impossibility in the SRT
context. As far as we know, he has been the first author who stressed the
different behavior of standard rods and elements of the circumference: the
proper length of the former is not affected by accelerations; the length of the
latter increases during the acceleration period, and then remain increased
when acceleration finishes.
These are just the most outstanding attempts of solving, or only fac-
ing, the Ehrenfest’s paradox, and they prove how pervading the problem is
throughout the decades.
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3 The Ehrenfest’s paradox and its solutions
The formulation of the paradox in the words of Ehrenfest is the following:
”...Let R be the radius appearing to the stationary [i.e. inertial] observer,
during its motion [R’ is the radius observed in the rest frame of the disk].
Then R must satisfy two conditions that are contradictory to each other:
(a) The circumference of the cylinder must show a contraction rela-
tive to the rest state, 2piR < 2piR′, since each element of the circumference
moves in its own direction with instantaneous speed ωR.
(b) If one consider an element of a radius, its instantaneous velocity
is perpendicular to its length; thus, an element of the radius cannot show a
contraction with respect to the rest state. Therefore R = R′...”.
Then a contradiction arises, which is the core of the paradox.
Ehrenfest pointed out the apparent inconsistence of the kinematics of bod-
ies which are rigid, according to the definition of rigidity given by Born (see
below).
Despite the great number of attempts, the underlying strategies of solutions
are basically these:
(s1) lengths do not contract in the case of the rotating disk =⇒ 2piR′ =
L′ = L = 2piR;
(f.i. Klauber, Gru¨nbaum-Janis, Tartaglia)
(s2) both the radius and the circumference contract, so that their ratio
remains 2pi =⇒ L′R′ = 2pi = LR ;
(f.i. Lorentz, Eddington)
(s3) rods along the rim do contract, while the circumference does not; nei-
ther the rods along the radius nor the radius itself do contract. As a
consequence the space of the disk is not Euclidean: =⇒ 2piR = L <
L′ = γ2piR′, where γ is the Lorentz factor;
(f.i. Einstein, Berenda, Rosen, Møller, Landau-Lifshits, Arzelie`s,
Dieks, Weber, Grøn)
(s4) both the rods along the rim and the circumference contract; neither the
rods along the radius nor the radius itself do contract; as a consequence
the surface of the disk bends, because of rotation
(f.i. Stead-Donaldson, Ives, Eagle, Galli ).
In this paper we shall introduce the concept of ”relative space” that is
the mathematical model defining the physical space of the disk, which in the
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literature is not clearly defined. This fact explains, in part, the differences
in the results found by different authors. The mathematical details of next
section are needed to give a proper definition of this fundamental concept.
4 Cattaneo’s projection technique
For our purposes, it is important to define correctly the properties of the
physical frames with respect to which we describe the measurement pro-
cesses. Although we remain in a special relativistic context, we shall adopt
the most general description, which takes into account non-inertial frames
(f.i. rotating frames) in SRT, and arbitrary frames in GRT.
4.1 The physical spacetime is a (pseudo)riemannian manifoldM4, that
is a pair (M,g), where M is a connected 4-dimensional Haussdorf man-
ifold and g is the metric tensor5. Let the signature of the manifold be
(1,−1,−1,−1). Suitably differentiability condition, on both M and g, are
assumed.
4.2 A physical reference frame is a time-like congruence Γ: the set of
the world lines of the test-particles constituting the ”reference fluid”6. The
congruence Γ is identified by the field of unit vectors tangent to its world
lines. Briefly speaking, the congruence is the (history of the) physical frame
or the reference fluid (they are synonymous).
4.3 Let {xµ} = (x0, x1, x2, x3) be a system of coordinates in the neigh-
borhood of a point p ∈M; these coordinates are said to be admissible (with
respect to the congruence Γ) when7
g00 > 0 gijdx
idxj < 0 (1)
Thus the coordinates x0 = var can be seen as describing the world lines of
the ∞3 particles of the reference fluid.
4.4 When a reference frame has been chosen, together with a set of
admissible coordinates, the most general coordinates transformation which
5The riemannian structure implies that M is endowed with an affine connection com-
patible with the metric, i.e. the standard Levi-Civita connection.
6The concept of ’congruence’ refers to a set of word lines filling the manifold, or some
part of it, smoothly, continuously and without intersecting.
The concept of ’reference fluid’ is an obvious generalization of the ’reference solid’ which
can be used in flat spacetime, when the test particles constitute a global inertial frame.
In this case, their relative distance remains constant and they evolve as a rigid frame.
However: (i) in GRT test particles can be subject to a gravitational field (curvature
of spacetime); (ii) in SRT test particles can be subject to an acceleration field. In both
cases, global inertiality is lost and tidal effects arise, causing a variation of the distance
between them. So we must speak of ”reference fluid”, dropping the compelling request of
classical rigidity.
7Greek indices run from 0 to 3, Latin indices run from 1 to 3.
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does not change the physical frame, i.e. the congruence Γ, has the form
[22],[23],[43]: {
x′0 = x′0(x0, x1, x2, x3)
x′i = x′i(x1, x2, x3)
(2)
with the additional condition ∂x′0/∂x0 > 0, which ensures that the change
of time parameterization does not change the arrow of time. The coordi-
nates transformation (2) is said to be internal to the physical frame Γ, or
more simply internal gauge transformation.
4.5 An “observable” physical quantity is in general frame-dependent,
but its physical meaning requires that it cannot depend on the particular pa-
rameterization of the physical frame: in brief it cannot be gauge-dependent.
Then a problem arises. In the mathematical model of GRT, physical quan-
tities are expressed by absolute entities8, such as world tensors, and physical
laws, according to the covariance principle, are just relations among these
entities. So, given a reference frame, how do we relate these absolute quan-
tities to the relative, i.e. reference-dependent, ones? And how do we relate
world equations to reference-dependent ones? In other words: how do we
relate, by a suitable 3+1 splitting, the mathematical model of spacetime to
the observable quantities which are relative to a reference frame?
4.6 In order to do that, we shall use the projection technique developed
by Cattaneo [43] [44], [45], [46], [47]. Let γ(x) be the field of unit vectors
tangent to the world lines of the congruence Γ. Given a time-like congruence
Γ it is always possible to choose a system of admissible coordinate so that
the lines x0 = var coincide with the lines of Γ; in this case, such coordinates
are said to be ‘adapted to the physical frame’ defined by the congruence Γ.
Being gµνγ
µγν = 1, we get{
γ0 = 1√g00
γi = 0
{
γ0 =
√
g00
γi = gi0γ
0 (3)
In each point p ∈ M, the tangent space Tp can be split into the direct
sum of two subspaces: Θp, spanned by γ
α, which we shall call local time
direction of the given frame, and Σp, the 3-dimensional subspace which
is supplementary (orthogonal) with respect to Θp; Σp is called local space
platform of the given frame. So the tangent space can be written as the
direct sum
Tp = Θp ⊕ Σp (4)
A vector v ∈ Tp can be projected onto Θp and Σp using the time projector
8 ‘Absolute’ means ‘independent of any reference frame’.
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γµγν and the space projector γµν
.
= gµν − γµγν :{
v¯µ = PΘ (v)
.
= γµγνv
ν
v˜µ = PΣ (v)
.
= vµ − vνγνγµ = (gµν − γµγν) vν = γµνvν (5)
Notation The superscripts −,∼ denote respectively a time vector and a
space vector, or more generally, a time tensor and a space tensor (see below).
Equation (5) defines the natural splitting of a vector. The tensors γµγν
and γµν are called time metric tensor and space metric tensor, respectively.
In particular, for each vector v it is possible to define a ‘time norm’ ‖v ‖Θ
and a ‘space norm’ ‖v ‖Σ as follows:
‖v ‖Θ
.
= v¯ρv¯
ρ = γργνv
ν (γργµv
µ) = γµγνv
µvν = (γµv
µ)2 ≥ 0 (6)
‖v ‖Σ
.
= v˜ν v˜
ν = γµνv
µ(vν − γηγνvη) = γµνvµvν ≤ 0 (7)
For a tensor field T ∈ Tp, every index can be projected onto Θp and Σp
by means of the projectors defined before:
PΘ(T...µ...)
.
= γµγνT
...ν... PΣ(T...µ...)
.
= γµνT
...ν... (8)
A tensor field of order two can be split in the sum of four tensor
PΣΣ ( tµν )
.
= γµργνηt
ρη PΣΘ ( tµν )
.
= γµργνγηt
ρη
PΘΣ ( tµν )
.
= γµγργνηt
ρη PΘΘ ( tµν )
.
= γµγνγργηt
ρη (9)
belonging to four orthogonal subspaces
Tp ⊗ Tp = (Σp ⊗ Σp)⊕ (Σp ⊗Θp)⊕ (Θp ⊗ Σp)⊕ (Θp ⊗Θp) (10)
In particular, every tensor belonging entirely to Σp⊗Σp is called a space
tensor and every tensor belonging to Θp ⊗ Θp is called a time tensor. Of
course, these entities have a tensorial behavior only with respect to the group
of the coordinates transformation (2). It is straightforward to extend these
procedures and definitions to tensors of generic order n (see below) .
Remark 1 The natural splitting of a tensor is gauge-independent: it
depends only on the physical frame chosen. The projection technique gives
us gauge-invariant quantities which can have an operative meaning in our
physical frame; namely, they represent the objects of our measures.
Remark 2 In Γ-adapted coordinates, a time vector v¯ ∈ Θp is character-
ized by the vanishing of its controvariant space components (v¯i = 0); a space
vector v˜ ∈ Σp by the vanishing of its covariant time component (v˜0 = 0).
As a generalization: (i) a given index of a tensor T is called a time-index if
all the tensor components of the type T .i.... (i ∈ [1, 2, 3]) vanish; (ii) a given
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index of a tensor T is called a space-index if all the tensor components of the
type T ....0. vanish. For a time tensor, i.e. for a tensor belonging to Θp ⊗ ...Θp,
property (i) holds for all its indices; for a space tensor, i.e. a tensor belong-
ing to Σp ⊗ ...Σp, property (ii) holds for all its indices.
4.7 To formulate the physical equations relative to the frame Γ, we need
the following differential operator
∂˜µ
.
= ∂µ − γµγ0∂0 (11)
which is called transverse partial derivative. It is a ”space vector” and (its
definition) is gauge-invariant.
It is easy to show that, for a generic scalar field ϕ(x) we obtain:
PΣ(∂µϕ) = ∂˜µϕ (12)
So ∂˜µ defines the transverse gradient, i.e. the space projection of the local
gradient.
The projection technique we have just outlined allows to calculate the
projections of the Christoffel symbols. It is remarkable that the total space
projections read
PΣΣΣ(µν, λ) =
1
2
(
∂˜µγνλ + ∂˜νγλµ − ∂˜λγµν
)
.
= Γ˜∗µνλ
PΣΣΣ
{
λ
µν
}
= Γ˜∗µνσγ
σλ .= Γ˜∗ λµν (13)
where the space metric tensor γµν substitutes the metric tensor gµν and the
transverse derivative substitutes the ”ordinary” partial derivative.
4.8 The differential features of the congruence Γ are described by the
following tensors
C˜µ = γ
ν∇νγµ (14)
Ω˜µν = γ0
[
∂˜µ
(
γν
γ0
)
− ∂˜ν
(
γµ
γ0
)]
(15)
K˜µν = γ
0∂0γµν (16)
C˜µ is the curvature vector, Ω˜µν is the space vortex tensor, which gives the
local angular velocity of the reference fluid, K˜µν is the Born space tensor,
which gives the deformation rate of the reference fluid; when this tensor
is null, the frame is said to be rigid according to the definition of rigidity
given by Born[48]. In a relativistic context the classical concept of rigidity,
which is dynamical in its origin, since it is based on the presence of forces
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that are responsible for rigidity, becomes meaningless. The Born definition
of rigidity is the natural generalization of the classical one. It depends on
the motion of the test particles of the congruence, hence it is a kinematical
constraint. According to Born, a body moves rigidly if the space distance√
γijdxidxj between neighbouring points of the body, as measured in their
successive (locally inertial) rest frames, is constant in time9. For the Born
condition see Rosen[19], Boyer[49], Pauli[50].
Definitions The following definitions10 are referred to the (geometry
of) physical frame Γ:
• constant - when there exists at least one adapted chart, in which the
components of the metric tensor are not depending on the time coor-
dinate: ∂0gµν = 0
• time-orthogonal - when there exist at least one adapted chart in which
g0i = 0; in this system the lines x
0 = var are orthogonal to the 3-
manifold x0 = cost
• static - when there exists at least one adapted chart in which g0i = 0
and ∂0gµν = 0.
• stationary when it is constant and non time-orthogonal
Remark 3 The condition of being time-orthogonal is a property of the
physical frames, and not of the coordinate system: for a reference frame to
be time-orthogonal it is necessary and sufficient that the space vortex Ω˜µν
tensor vanishes.
When the space vortex tensor is null, moreover, the fluid is said to be ir-
rotational; if both the curvature vector and the space vortex tensor are zero,
the fluid is said irrotational and geodesic. Furthermore, when the space vor-
tex tensor is not null, a global synchronization of the standard clocks in the
frame is not possible.
The irrotational, rigid and geodesic motion (of a frame) is characterized
by the condition ∇µγν = 0: this is the generalization, in a curved spacetime
context, of the translational uniform motion in flat spacetime.
9In the simple case of translatory motion, a body moves rigidly if, at every moment,
it has a Lorentz contraction corresponding to its observed instantaneous velocity, as mea-
sured by an inertial observer.
10It is worthwhile to notice that, in the literature, there is not common agreement about
these definitions, see f.i. Landau-Lifshits[21].
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4.9 The natural splitting permits also to calculate the geometrical fea-
tures, in particular the Riemann curvature tensor of the 3-space of the refer-
ence frame (see section 7, below). In particular this will enable us to define
the curvature of the space of the rotating disk. Of course, the result depends
on the definition of the concept of ’space of the disk ’, which will be given
in next section.
5 The ’relative space’ of a rotating platform
5.1 As we shall see later, a rotating platform defines a non-time-orthogonal
physical frame; then the usual 3+1 foliation of the spacetime, is meaning-
less. However, using the projection technique, we are going to introduce a
different splitting, by which we shall define the ’relative space’ of the disk.
LetK be an inertial frame with an adapted set of coordinates {xµ} = (t, r, θ, z),
with line element given by
ds2 = gµνdx
µdxν = c2dt2 − dr2 − r2dθ2 − dz2 . (17)
In this frame let us consider the equations
r = r0
θ = θ0 + ωt
z = z0
. (18)
If r0 ∈ [0, R] , these equations describe (the points of) a cylinder with radius
R rotating with constant angular velocity ω (as measured in K). When z0
is the same for each point of the system, we deal with a rotating disk, whose
points have cylindrical coordinates r0, θ0, representing their initial positions
(t = 0).
The world-lines of each point of the disk are time-like helixes (whose
pitch, depending on ω, is constant), wrapping around the cylindrical surface
r = r0 = const, with r ∈ [0, R]. These helixes fill, without intersecting,
the whole spacetime region defined by r ≤ R < c/ω; they constitute a time-
like congruence which defines the rotating frame Krot, at rest with respect
to the disk.11
Let us introduce the coordinate transformation
x′0 = t′ = t
x′1 = r′ = r
x′2 = θ′ = θ − ωt
x′3 = z′ = z
. (19)
11The constraint R < c/ω simply means that the velocity of the points of the disk
cannot reach the speed of light.
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The coordinate transformation {xµ} → {x′µ} defined by (19) ( which is
not internal to K because of the time-dependence of x′2) has a kinematical
meaning, namely it defines the passage from a chart adapted to the inertial
frame K to a chart adapted to the rotating frame Krot. In fact along the
helixes of the congruence we obtain
dx0′ = cdt′ 6= 0 ⇐⇒ cdt 6= 0
dx1′ = dr′ = 0 ⇐⇒ dr = 0
dx2′ = dθ′ = 0 ⇐⇒ dθ = ωdt
dx3′ = dz′ = 0 ⇐⇒ dz = 0
, (20)
which means that the lines x′0 = var are exactly the lines of the congruence
defining Krot.
In the chart {x′µ} the metric tensor is written in the form12:
g′µν =

1− ω2r2
c2
0 −ωr2c 0
0 −1 0 0
−ωr2c 0 −r2 0
0 0 0 −1
 (21)
This is the so called Born metric, and in the classic textbooks (f.i. [22],[21])it
is commonly presented as the spacetime metric in the rotating frame of the
disk.
Remark 1 In the chart {x′µ }13 the time t′ is equal to the coordinate
time t of the inertial frame K. In this way, we label each event P in Krot us-
ing the time of a clock at rest in K, whose world-line (a straight line parallel
to the time axis) intersects P , and not by means of clock at rest on the disk.
We identify the coordinate time t′ with the time t of the observations of
the events as measured by a clock in K. As pointed out by Tangherlini[51]
and Grøn[25], the transformation (19) has a Galilean character, and this is
due to the peculiarity of angular velocity which, contrary to translational
velocity, has an absolute value, that can be locally measured.
The parameterization of the rotating frame Krot by the coordinate t of the
inertial frame K is the only way to synchronize the clocks on the platform,
whose proper times cannot be synchronized by the Einstein’s convention,
because of the non time-orthogonality of Krot (see eq. (24) below).
Remark 2 Of course, if we do not care of global synchronization on the
disk, a different choice of the chart can be made, which has a direct opera-
tional meaning for an observer on the disk, by substituting the coordinate
12For the sake of simplicity, we substitute r′ = r, from (19) II .
13Born chart.
13
time t with the proper time of the clocks at rest in Krot. Then we get the
Post chart, and the generalized Born metric[52].
5.2 Given the metric tensor in terms of coordinates adapted to the
rotating frame, we can compute the covariant components of the vector field
γ(x) of the congruence Γ, using Equations (3):
γ′0 = γ
−1
γ′1 = 0
γ′2 = −γ ωr
2
c
γ′3 = 0
. (22)
where γ
.
= 1/
√
1− ω2r2
c2
is the Lorentz factor of a point of the disk whose
distance from the rotation axis is r′ = r ≤ R. As a consequence, in the Born
chart:
(i) the components of the space metric tensor are:
γ′ij = g
′
ij − γ′iγ′j =
 −1 0 00 −γ2r2 0
0 0 −1
 . (23)
(ii) the space vortex tensor Ω˜′µν has the following non-zero component(see
Appendix, eq. (46)):
Ω˜′12 = −γ3 2ωr
c
6= 0 (24)
which shows that the rotating frame Krot is not time-orthogonal.
For a rotating disk, it is easy to verify that the Born space tensor vanishes:
K˜ ′ij
.
= γ
′0∂′0γ
′
ij = 0 (25)
since the space metric (23) does not depend on the time coordinate14. Hence
the rotating frame Krot is rigid, in the sense of Born rigidity (section 4.8).
5.3 The concept of physical space is locally defined by the space plat-
form Σp normal to the time direction identified by the vector γ in the point p.
As we show in the Appendix15, the congruence Γ of time-like helixes,
wrapping around the cylindrical hypersurfaces σr (r = cost ∈]0, R]), defines
a Killing field not in M4, but on the submanifolds σr ⊂ M4. We point
out the following interesting consequence: the splitting Tp = Θp ⊕ Σp and
14 In fact, in the chart {x′µ}, the steady motion condition (∂′0 ≡ 0) implies that the
metric tensor does not depends on x′0; as a consequence we obtain ∂˜′µ = ∂
′
µ.
15 See in particular eqs. (50), (51).
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the space metric tensor γ′ij(p) are invariant along the lines of Γ. It is then
possible to define a one-parameter group of diffeomorphisms with respect to
which both the splitting Tp = Θp⊕Σp and the space metric tensor γ′ij(p) are
invariant. The lines of Γ constitute the trajectories of this ”space ⊕ time
isometry”.
This important property suggests a procedure to define an extended 3-
space, which we shall call ‘relative space’ : it will be recognized as the only
space having an actual physical meaning from an operational point of view,
and it will be identified as the ’physical space of the rotating platform’.
Definition. Each element of the relative space is an equivalence class
of points and of space platforms, which verify this equivalence relation:
RE: “ Two points (two space platforms) are equivalent if they belong to
the same line of the congruence ”.
That is, the relative space is the ”quotient space” of the world tube of
the disk, with respect to the equivalence relation RE, among points and
space platforms belonging to the lines of the congruence Γ.
This definition simply means that the relative space is the manifold
whose ”points” are the lines of the congruence (see f.i Wahlquist-Estabrook[53],
Wahlquist[54], Rizzi-Tartaglia[55],[29] and Norton[56]). However, our defini-
tion emphasizes the role of the space platforms, which is often neglected: the
reference frame defined (as above) by the relative space coincides everywhere
with the local rest frame of the rotating disk.
We stress that it is not possible to describe the relative space in terms
of space-time foliation, i.e. in the form x0 = const, where x0 is an appropri-
ate coordinate time, because the space of the disk, as we saw before, is not
time-orthogonal. Hence, thinking of the space of the disk as a submanifold
or a subspace embedded in the space-time, as some author claims [26],[7], is
misleading and meaningless16.
Remark 3 The relative space is naturally endowed with a 3-dimensional
(spatial) Riemannian structure, which is well defined since it does not de-
pend on the time variable along the curves of the congruences, because of
the vanishing of the Born tensor. In particular, a ”spatial” scalar product
can be defined in the relative space. Consider two vectors v and w belonging
to the tangent space Tp = Θp ⊕ Σp at a point p ∈ M4. According to the
16The best we can do, if we long for some kind of visualization, is to think of the relative
space as the union of the infinitesimal space platforms, each of which is associated, by
means of the request of M -orthogonality, to one and only one line of the congruence.
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Cattaneo’s procedure outlined in Section 4, we can project these vectors to
obtain two spatial vectors v˜ and w˜, belonging to Σp, now interpreted as the
tangent space to the relative space in p (which here is to be intended as the
line of the congruence passing through p ∈ M4). In the chart {x′µ} their
covariant components are
v˜′i = γ
′
ijv
′j w˜′i = γ
′
ijw
′j (26)
where γ′ij is the space metric tensor defined in eq. (23). So the scalar product
( , )RS in the (tangent bundle of the) relative space is defined by
(v˜, w˜)RS
.
= γ′ij v˜′iw˜
′
j (27)
6 Lengths in the relative space
We did not clarify yet, in operational terms, the identification of the ”relative
space” with the physical space of the disk. In order to do that, we start
by analyzing what happens to ”standard lengths” when they undergo an
acceleration process.
Let us consider the world-strip of an infinitesimal piece of the rim of the
disk, which is at rest until t = 0 in the inertial frame K (see figure 1).
When t = 0, the disk starts being accelerated in such a way that all
points of its rim have identical motion, as observed in K. If I = [0, tf ] is
the interval representing the period of time during which acceleration acts,
∀t ∈ I the acceleration distribution of all points of the rim is the same,
as observed in the inertial frame K. From a pictorial point of view, this
means that the world lines of all points of the rim are congruent (i.e. super-
imposable). During the acceleration period, the disk is not Born-rigid[23]
although it appears rigid in K. This means that, depending on the simul-
taneity criterium in the inertial frame, the length of the infinitesimal piece
of the rim is always congruent with the starting segment AB; in particu-
lar, when t = tf , it is represented by the segment AfBf . On the other
hands, from the point of view of the local observer at rest on the rim, whose
world line passes through A when t = 0, the simultaneity criterium is not
defined by the family of straight lines parallel to AB, but it varies at each
instant, depending on the velocity (in K) of the rim itself. Namely, when
the acceleration period finishes, the piece of the rim is represented by the
segment AfB
′
f , in the local co-moving frame associated with Af . Let us put
AfBf = AB = λ0, where λ0 is the wavelength of a monochromatic radiation
emitted by a source at rest in K17. The M -circumference of radius λ0, with
center in Af , whose equation is
Ψ ≡ {P ∈M2 : AfP = λ0} (28)
17Since AB is infinitesimal, the monochromatic radiation must be chosen in such a way
that λ0 is very small when compared with the length of the circumference.
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can be built by considering, in each reference frame, the wavelength of
the given radiation, emitted by a source at rest in that frame. This M -
circumference, which is a hyperbola in the Minkowskian plane, intersects
the segment AfB
′
f in C
′, and we obtain
AfB
′
f = AfC
′γ = λ0γ > λ0 (29)
This relation means that the world-strip (ζAf , ζC′) of a length λ0, at rest on
the rim, does not cover entirely the world-strip (ζAf , ζBf ) of this length, as
measured in K (see figure 1). From a physical point of view, equation (29)
shows that each element of the periphery of the disk, of proper length λ0, is
stretched during the acceleration period. This a purely kinematical result
of our acceleration program.
However, this result remains valid if one takes into account the interactions
among the physical points of the rim (f.i. those interactions which ensure
rigidity in the phase of stationary motion). In particular, during and after
the acceleration period, each point of the disk is subject to both radial and
tangential stresses; the former maintain each point on the circumference
r = r0, while the latter ought to give zero resultant, because of the axial
symmetry: each point is pulled in the same way by its near points, in both
directions. As a consequence, the elongation of every element of the rim,
due to tidal forces experienced during the acceleration period, remains even
when acceleration finishes18.
Remark The arguments given treat the disk as a set of non interact-
ing particles. The only constraint is that every particle must move along a
circular trajectory, with a given law of motion, according to a kinematical
definition of rigidity in K . In our study, we decided to neglect the radial
dilation and deformation effects which are present in a real body when it
is set into rotation; they would cause an enlargement of the radius, and a
consequent enlargement of the circumference. Our purpose is not the study
of the elastic deformation of a real disk, but working out the relativistic
corrections to the ”rigid” motion of a rotating disk.
From the considerations above, it follows that the dilation which is re-
sponsible for the Ehrenfest’s paradox has a pure kinematical origin. The
enlargement of the rod (assumed as a standard rod), in the rest frame at
the end of acceleration phase, is due to the change of the simultaneity cri-
terium. In figure 1 this is represented by the change in the slope of the
infinitesimal space platforms which are associated, by means of the request
of M -orthogonality, to the lines of the congruence Γ.
18Let us point out that a shortening of the elements of the rim, due to Hooke’s law,
cannot be invoked, since these elements have not free endpoints.
17
Figure 1: The world-strip (ζAf , ζC′) of a length λ0 = AB = AfBf , at rest on the
rim, does not cover entirely the world-strip (ζAf , ζBf ) of this length, as measured
in the inertial frame.
6.1 Optical congruence and ”Se`vres meters” congruence
As well known, Einstein had been stressing, since the early years of the XX
century, that the space geometry is determined by the empirical properties
of the bodies (thought as rigid ones), and it can be explored using measuring
rods, superimposable by means of displacements (i.e. congruent).
Hence, a complete operational approach to a relativistic problem cannot be
done without the definition of the congruence, intended as the measurement
process of distances, by means of the confrontation with rigid rods (i.e.
standard meters), slowly transported in space. Indeed, the standard meter
is, in principle, arbitrarily chosen19, nevertheless it must have the following
properties:
1. Two standard meters, which have the same chemical and physical
composition and which are superimposable at a given instant, remain
19Every change in the choice of the standard meter, and consequently in the choice
of the congruence, provokes a change of the geometry and, in particular, a change of
the metric. Hence the metric is not determined univocally by the physical situation,
but it depends on the definition of the congruence which is adopted. So the concepts
of metric and congruence are not observation-dependent, but are conventional, and only
their union must be seen as physically meaningful (Reichenbach in [57] and [58], with a
reply by Einstein [59]).
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superimposable at any time, after an arbitrary sequence of displace-
ments.
2. In the class of inertial frames (local or global), light rays in vacuum
propagate in straight lines with respect to the standard meter.
Condition (2), by which we can substitute the light rays for the rigid
rods, allows us to assume (locally) the trajectory of a light ray as a space
geodesic20, and as unit of length the wavelength in vacuum of a given spec-
tral line, emitted by a source at rest. This congruence is called optical
congruence and it the defines the optical space21.
It is possible to adopt a different choice of the standard meter, for in-
stance the one that we use normally to perform space measurements in
ordinary scale: we shall call it the ”congruence of Se`vres meters”. In this
congruence: (i) the standard rod, intended as rod of a given length, remains
the same when slowly transported; (ii) in different metric conditions, that is
in presence of a gravitational or inertial field, each rod maintains the same
length that it would have in absence of acceleration.
Remark 1 It is interesting to notice that convention (ii), which was
actually used by Einstein, treats in a different way the metric field (gravi-
tational and inertial) and the three physical fields (electromagnetic, strong
and weak)22. Locally the meter of Se`vres is subject only to the physical
fields, which deform it; however this deformation can be corrected for, ac-
cording to physical laws. As a consequence ”corrected standard meters of
Se`vres” are obtained. So the geometry of the space is actually explored by
the ”meters of Se`vres”, in the physical frame where they are at rest.
Remark 2 It is essential to stress that the congruence of the Se`vres
meters defined above uses rods with free endpoints. In the context of the
measurements performed on the rotating disk, it does not appear correct us-
ing this convention for a meter which is, actually, part of the circumference,
as Tartaglia[40] claims. The meter cannot be transported in space without
cutting its endpoints: because of the cuts, the tangential force acting upon
20 The trajectories of light rays, even if they are always geodesics of the space time,
are not, in general, geodesics of the three-dimensional space (in particular they are not in
general geodesics of the relative space).
21Reichenbach[57] uses the terms light space and light congruence to refer to the optical
space and the optical congruence, respectively.
22Using the words of Reichenbach [60], the gravitational field is universal, i.e. it acts
equally on each test body, according to the equivalence principle; the physical fields are
differential, in the sense that they act differently on test bodies with different chemical-
physical composition. It is well known that this is the physical reason for which the GRT
geometrizes the gravitational field, which becomes a metrical field in the spacetime, but
does not geometrize the physical fields, which act in the spacetime.
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the endpoints, which compensated each other before the cuts for symmetry
reasons, provoke the shortening of the rod, according to the Hooke’s law.
Remark 3 We want to stress that the use of the optical congruence
is meaningful only in any local Minkowskian (tangent) frame, whose space
geometry is actually the geometry of an optical space. However, the global
geometry of the relative space, induced by the geometry of the space-time
and by the congruence of the world lines which defines the space platform,
is not an optical space, neither it can be reduced to an optical space using
a conformal transformation (unlike the case of a static space [61]). Hence
the relative space, endowed with the metric tensor γ′ij , is an optical space
only locally, but not globally.
7 Curvature of the relative space
After having introduced and described the relative space, now we can char-
acterize its geometry, that is its metric and curvature, using the techniques
we introduced in section 4.
The measurements of lengths in the relative space, are done using the space
metric tensor γ′ij :
γ′ij =
 −1 0 00 −γ2r2 0
0 0 −1
 (30)
The rotating observer can perform measurements of both space and time
on the platform. Measurements of time are performed, by the observer, using
its own standard clocks, on which he reads the proper time. Measurements
of space are performed without care of time, since the metric (30) does not
depend on time23.
Using the Cattaneo’s projection technique[43], the curvature tensor of the
relative space can be defined24:
R˜∗µνρσ
.
=
1
4
(
∂˜ρµγνσ − ∂˜σµγνρ + ∂˜σνγµρ − ∂˜ρνγµσ
)
+
1
4
(
∂˜µργνσ−
∂˜νργµσ + ∂˜νσγµρ − ∂˜µσγνρ
)
+ γαβ
[
Γ˜∗σν,αΓ˜
∗
ρµ,β − Γ˜∗ρν,αΓ˜∗σµ,β
]
(31)
where the space Christoffel symbols are defined in eq. (13), and the trans-
verse derivatives, defined by eq. (11), are the same as the ordinary partial
derivatives because of the stationarity of the motion(see subsection 5.2).
Since it has all space indices (see Remark 2, subsection 4.6), the curvature
tensor (31) is a space tensor. Then the curvature tensor which is adequate
23This is a consequence of the stationarity of the rotating frame.
24 For the sake of simplicity, in this section, we remove the primed letters: however we
shall always refer to the coordinates{x′µ} adapted to the rotating frame.
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to describe the geometry of the relative space of the disk is the space part
R˜∗ijkl of the tensor (31). We have to compute the curvature tensor of a
three-dimensional riemannian manifold, whose metric tensor is given in eq.
(30). It is useful to invert the signature, since we are dealing with the spatial
geometry:
γij =
 1 0 00 γ2r2 0
0 0 1
 (32)
The only non zero components of the curvature tensor of space of the disk
are
R˜∗1212 = −3
(
ωr
c
)2(
1− (ωrc )2)3 = −3β
2 γ6 (33)
and those which are obtained by the symmetries of the indices.
The non null components of the space projection of the Ricci tensor, are:
R˜∗11 = −3ω
2
c2
γ4
R˜∗22 = −3β2 γ6
(34)
Finally the curvature scalar is:
R˜∗ = −6 ω
2
c2
γ4 (35)
We see that the geometry of the relative space of the disk has a space
curvature which is not zero, hence its geometry is not Euclidean. Doing so,
we succeeded in verifying Einstein’s intuition on the curvature of the rotat-
ing disk, after having defined the geometrical context in which the curvature
is computed, i.e. the relative space.
It is interesting to notice that the results we obtained are in agreement with
the ones obtained by Berenda[7],Arzelie`s[20], Møller[22],Grøn[23] who, nev-
ertheless, do not define explicitly the geometrical context (see subsection
5.3). Furthermore, their calculations do not rely upon the use of a splitting
technique, like ours: they just computed the components of the curvature
tensor of the space-time which have all spatial indices (Rijkl), and they re-
ferred to it as the space curvature tensor. This is not correct, since a splitting
procedure is needed to obtain quantities that have a true physical meaning,
i.e. which are gauge invariant and, hence, observable. Nevertheless their
results are equal to ours, and this is due to the fact that for the rotating
disk in uniform motion, the physical frame Γ is stationary, hence ∂0 ≡ 0 and
then ∂˜µ = ∂µ everywhere. In this case Rijkl = R˜
∗
ijkl. However, things are
different for those physical reference frames which lack symmetries, such as
the axis-symmetry and the stationarity of the rotating disk.
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Remark The complete space projection of the curvature tensor of the
space-time is [43]:
PΣΣΣΣ (Rµνσρ) = R˜
∗
µνσρ −
1
4
(
Ω˜σµΩ˜ρν − Ω˜ρµΩ˜σν
)
− 1
2
Ω˜µνΩ˜σρ = 0 (36)
where we have taken into account the fact that the curvature tensor of the
space-time Rµνσρ is null
25. This shows that the space components R˜∗µνσρ are
completely defined by the terms containing the space vortex tensor, which
is related to rotation: hence the non Euclidean nature of the space of the
disk depends only on the rotation of the frame.
8 Measurements of lengths in the relative space
Now, the Ehrenfest’s paradox can be solved, in a natural way, in the context
of special relativity.
The measurements of lengths along the rim of the disk are determined by
the space metric tensor γ′ij, given (in the inverted signature) by Eq. 32.
As a consequence, the length of an infinitesimal segment on the rim of the
circumference is
dl′Σ =
(√
γ′ij(ω, r′)dx′idx′j
)
r′=R,z=cost
= γ(ω,R)Rdθ′ (37)
From (19)III it follows that at fixed coordinate time of the inertial frame
K, dθ′ = dθ. Consequently, the angle all around the periphery of the disk,
measured on it, is equal to 2pi: θ′ ∈ [0, 2pi].
Hence, the measurement of the circumference on the rim of the disk, per-
formed by the rotating observer, turns out to be :
l′Σ = 2piRγ (38)
where γ = 1/
√
1− ω2r2
c2
. This is in agreement with the fact that the space
geometry of the disk is not Euclidean26.
For the observer in the inertial frame the length given in eq. (37) appears
contracted by the standard factor γ−1:
dl = γ−1dl′Σ (39)
25The curvature we computed above (eqs.(33)-(35)) refers to the three-dimensional phys-
ical space of the disk, formally defined by the relative space. It is superfluous to say that
the curvature tensor of the Minkowskian space-time is null, in each chart used to compute
it, and in each frame to which the chart is adapted[7].
26Rizzi-Tartaglia[29] and Cantoni[62] computed the length of the circumference and
reached the same result. The main difference between their and our approach is that,
in spacetime, the ”circumference” considered by these authors is not a closed curve, but
an open, space-like curve (the ”helix of simultaneity”), because of the time lag due to
rotation. We believe that our approach is more adequate, because lengths are measured
without caring of time; on the contrary in these authors’ works, time enters explicitly in
space measurements, in spite of the impossibility of synchronization on the platform.
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Since
dl = γ−1γRdθ′ = Rdθ′ (40)
we obtain that, in correspondence of the measure of the circumference given
in eq. (38), performed by the rotating observer, the inertial observer mea-
sures a length 2piR, as expected, since the space of the inertial frame K is
Euclidean.
In conclusion, a proper definition of the natural space in which the mea-
surements are performed by the observer on the disk, leads to the solution
of the Ehrenfest’s paradox. Moreover, it has been showed that the space of
the disk is not Euclidean.
We stress that everything has been done using the special relativistic kine-
matics, without any ad hoc dynamical or kinematical hypotheses.
9 Discussion and conclusions
The solution of the Ehrenfest’s paradox, that we outlined in this paper,
is strongly dependent both on a proper definition of the physical space of
the disk and a proper choice of the congruence adopted to perform the
measurement in such a space. Hence, the introduction of the relative space
and the (local) use of the optical congruence are the bases of our results,
together with the use of a splitting procedure which allows a correct (and
intuitive) geometrical description of the concepts we introduced.
Even if we believe that the study of the rotating disk, in the context of
relativistic dynamics, is certainly interesting, we showed that a dynamical
approach is not necessary to solve the paradox, as some authors claimed
in the past, like the mentioned above Lorentz[4], Eddington[5], Clark[6],
Cavalleri[8], Brotas[10], McCrea[11].
Different assumptions both on the physical space and the physical con-
gruence are the main differences between our paper and the works of those
authors who tried to solve the paradox using relativistic kinematics. Among
them, Berenda[7], Arzelie`s[20], Landau-Lifschits[21], Møller[22], Rosen[19],
Grøn[23],[24], Wahlquist-Estabrook[53] obtained the same results for the
metric tensor of the space of the disk as those we obtained in the previous
section, even if all these works lack a clear and consistent definition of the
space of the disk itself27.
Klauber’s[38],[39] solution of the paradox is ultimately a negation of it,
since he claims that no Lorentz contraction exists for rotating systems, and
concludes that the space of the disk is flat. According to him, Minkowskian
tangent frames are locally equivalent to accelerated frames only when the
27However, we must point out that Wahlquist-Estabrook[53], using a 3+1 tetrad method
which is very similar to the Cattaneo’s technique, worked out the intrinsic geometry of a
rotating and accelerating platform, generalizing the results of the authors quoted above.
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latter are time-orthogonal. Such a local equivalence is refused for a rotating
platform, which is not a time-orthogonal frame. As a consequence, he claims
that, in the case of rotation, a new theory, alternative to SRT, is needed;
and therefore he proposes a ”New Theory of Rotating Frames”. We point
out that: (i) Klauber’s assumptions can be maintained if and only if a
non-Einstein synchronization procedure is adopted on the platform (see f.i.
Weber [63]); (ii) any theory alternative to SRT is not needed at all, in fact
we have just shown how the paradox can be solved in a strictly special
relativistic context.
Tartaglia [40] tries to solve the paradox assuming that, in the case of
rotations, the relativity of simultaneity does not enter the space measure-
ment processes of the observer which is at rest on the platform. Therefore,
he concludes that the length of the circumference of the platform cannot be
altered by rotation, and the space of the disk remains Euclidean: ”in the
rotating observer’s view nothing happened to the geometry of the platform
as a consequence of the rotation”. To give an operational definition of the
space of the disk, compatible with this assumption, he introduces what we
call a ”congruence of Se`vres meters” on the platform, whose lengths are
not affected by rotation. However, it is essential to stress that the ”Se`vres
meters” used by Tartaglia, actually, are parts of the circumference; on the
other hands, a standard Se`vres meter is a rod with free endpoints. The
”Se`vres meter” used by Tartaglia cannot be transported in space without
cutting its endpoints: because of the cuts, the tangential forces acting upon
the endpoints, which compensated each other before the cuts for symmetry
reasons, provoke the shortening of the rod, according to the Hooke’s law
(see subsection 6.1, Remark 2). Only after the cuts, the rod has become a
standard Se`vres meter, whose length is not affected by rotation, according
to the hypothesis of locality28. Tartaglia’s claim ”no Lorentz contraction”
in the case of rotation rests upon his assumption that ”no synchronization
is needed” for space measurements on the platform. On the contrary, our
approach shows that synchronization is essential, and it is incorporated in
the very definition of the relative space, through the equivalence relation RE
given in subsection 5.3. In particular the criterium of simultaneity, related
to synchronization, is geometrically interpreted as the tilt of the local space
platforms, belonging to any world line of the congruence Γ. When synchro-
nization is neglected, rotation itself is neglected : as a consequence, it is not
surprising that no Lorentz contraction is found.
We believe that the misunderstandings in the theoretical and operational
treatments quoted above rely on the lack of clear and self consistent defini-
28This expression, which is one the most important axioms of SRT, states the local
equivalence of an accelerated observer with a momentarily comoving inertial observer,
provided that standard rods and clocks are used (see Mashhoon[64]).
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tions of the fundamental concepts used.
From an operational point of view, our approach rests upon a precise
choice of the standard rods used by the observer on the platform, which are
the ”standard optical rods” used in relativity. From a theoretical point of
view, our approach is based on a clear and consistent definition, in a strictly
SRT context, of the concept of the ”space of the disk”, which is formally
identified with the ”relative space”, through Cattaneo’s natural splitting
and a suitable equivalence relation.
The geometry of the space of the disk, which follows from our assump-
tions, turns out to be non Euclidean, according to the early Einstein’s in-
tuition. Moreover, the relativistic kinematics reveals to be self consistent,
and able to solve the Ehrenfest’s paradox without any need of dynamical
considerations.
It is interesting to stress that the space metric which we obtained coin-
cides with the one found in classic textbooks of relativity, in spite of a non
trivial shift of the context.
We want to point out that the calculations of the curvature of the space
of the disk, which are present in the literature, sometimes without a definite
splitting procedure, are misleading, even when the final results are formally
correct. In fact these calculations would lead to incorrect results for those
physical reference frames which lack symmetries, such as the axis-symmetry
and the stationarity of the rotating disk.
In conclusion, we showed that the SRT, even when applied to rotat-
ing platforms, is self-consistent and does not raise paradoxes, provided that
proper definitions of geometrical and kinematical entities are adopted. On
the contrary, non standard ad hoc hypotheses about Lorentz contraction
and relativity of simultaneity, inconsistent with the axioms of the SRT,
arise when some ambiguously defined entities are adopted.
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A Appendix
Notation In this appendix, for the sake of simplicity, we do not use primed
letters: however we always shall refer to the set of coordinates {x′µ} which
are adapted to the rotating frame (19).
The metric tensor expressed in coordinates adapted to the rotating frame
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is
gµν =

1− ω2r2c2 0 −ωr
2
c 0
0 −1 0 0
−ωr2c 0 −r2 0
0 0 0 −1
 (41)
The inverse to the metric tensor is:
gµν =

1 0 −ωc 0
0 −1 0 0
−ωc 0 −
1−ω2r2
c2
r2
0
0 0 0 −1
 (42)
The non zero Christoffel symbols turn to be
Γ 100 = −
ω2
c2
r (43)
Γ 201 =
ω
cr
Γ 102 = −
ω
c
r
Γ 212 =
1
r
Γ 122 = −r
The covariant components of the congruence vectors are:
γ0 =
√
1− ω
2r2
c2
(44)
γ1 = 0
γ2 = −
(√
1− ω
2r2
c2
)−1
ωr2
c
γ3 = 0
while the controvariant ones are:
γ0 =
(√
1− ω
2r2
c2
)−1
(45)
γ1 = 0
γ2 = 0
γ3 = 0
The non zero components of the space vortex tensor are:
Ω˜12 = γ0∂˜1
(
γ2
γ0
)
= γ0∂1
(
γ2
γ0
)
= −1
c
2ωr
(1− ω2r2
c2
)3/2
= −γ3 2ωr
c
(46)
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The covariant components of the Killing tensor of the given congruence
are
Kµν ≡ γµ;ν + γν;µ = ∂γµ
∂xν
+
∂γν
∂xµ
− 2Γ αµν γα (47)
Taking into account (44) and (43), we obtain that the only non null compo-
nents in M4 turn to be:
K01 ≡ γ0;1 + γ1;0 = ∂γ0
∂r
− 2Γ 201 γ2 =
∂γ0
∂r
− g2α ∂g0α
∂r
(48)
K21 ≡ γ2;1 + γ1;2 = ∂γ2
∂r
− 2Γ 221 γ2 =
∂γ2
∂r
− g2α ∂g2α
∂r
(49)
Then the components K01, K21 depend solely on the partial derivatives
with respect to r of some functions of r. If we evaluate these components
in M4, we obtain a non zero result, while if we evaluate the same compo-
nents on the cylindrical hypersurface σr ≡ {r = const (> 0)}, they result
identically zero. Summing up, we get:
K01 ≡ γ0;1 + γ1;0 =
 ω2rc2
(√
1− ω2r2
c2
)−1
6= 0 in M4
0 on the submanifold σr (r = const)
(50)
K21 ≡ γ2;1 + γ1;2 =
 −ω3r3c3
(√
1− ω2r2c2
)−3
6= 0 in M4
0 on the submanifold σr (r = const)
(51)
Equations (50) and (51) show that the time-like helixes congruence Γ
defines a Killing field in the submanifold σr ⊂M4 but this is not a Killing
field in M4.
We get the same result if we express the Killing tensor by using the Born
tensor K˜µν and the curvature vectors C˜ν of the lines of the congruence Γ :
Kµν ≡ γµ;ν + γν;µ = K˜µν + γµC˜ν + C˜µγν
For the rotating disk (K˜µν = 0) we simply obtain:
Kµν = γµC˜ν + C˜µγν (52)
Equation(52) is very interesting, because it shows the geometrical mean-
ing of the fact that the Killing tensor is zero in the submanifold σr ⊂M4,
but it is not zero in M4. In fact, the congruence Γ of time-like helixes
is geodesic on σr (where C˜µ = 0), but of course not in M4,29 where the
curvature vector C˜µ = γ
αγµ;α has the following non-null component:
C˜1 = γ
0
ω2r
c2√
1− ω2r2
c2
=
ω2r
c2 − ω2r2 (53)
29Apart from the degenerate case r = 0, which corresponds to a straight line in M4
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As a consequence, the Killing tensor has the following non-null components:
K01 = γ0C˜1 =
ω2r
c2
(√
1− ω
2r2
c2
)−1
(54)
K21 = γ2C˜1 = −ω
3r3
c3
(√
1− ω
2r2
c2
)−3
(55)
Equations (54) and (55) are in agreement, respectively, with equations (50)
and (51).
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